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THE DIMENSION OF THE LEAFWISE REDUCED
COHOMOLOGY
JESU´S A. A´LVAREZ LO´PEZ AND GILBERT HECTOR
Abstract. Geometric conditions are given so that the leafwise reduced co-
homology is of infinite dimension, specially for foliations with dense leaves on
closed manifolds. The main new definition involved is the intersection number
of subfoliations with “appropriate coefficients”. The leafwise reduced cohomol-
ogy is also described for homogeneous foliations with dense leaves on closed
nilmanifolds.
1. Introduction
Let F be a C∞ foliation on a manifold M . The leafwise de Rham complex
(Ω·(F), dF ) is the restriction to the leaves of the de Rham complex of M ; i.e.,
Ω(F) is the space of differential forms on the leaves that are C∞ on the ambient
manifold M , and dF is the de Rham derivative on the leaves. We use the notation
Ω(F) = C∞(
∧
T ∗F) meaning C∞ sections on M . The cohomology H ·(F) =
H ·(Ω(F), dF ) is called the leafwise cohomology of F . It is well known that H
·(F)
can also be defined as the cohomology ofM with coefficients in the sheaf of germs of
C∞ functions which are locally constant on the leaves, but we do not use this. The
(weak) C∞ topology on Ω(F) induces a topology on H ·(F), which is non-Hausdorff
in general [15]. The quotient space of H ·(F) over the closure of its trivial subspace
is called the leafwise reduced cohomology of F , and denoted by H·(F). Similarly,
we can also define Ω·c(F), H
·
c(F) and H
·
c(F) by considering compactly supported
C∞ sections of
∧
TF∗.
For degree zero we have that H0(F) = H0(F) is the space of C∞ functions on
M that are constant on each leaf—the so called (smooth) basic functions ; thus
H0(F) ∼= R if the leaves are dense. Though density of the leaves seems to yield
strong restrictions on the leafwise cohomology also for higher degree, this cohomol-
ogy may be of infinite dimension when leaves are dense and M is closed. In fact,
for dense linear flows on the two-dimensional torus, we have dimH1(F) = 1 when
the slope of the leaves is a diophantine irrational number [18], but dimH1(F) =∞
if the slope is a Liouville’s irrational number [30]. Nevertheless H1(F) ∼= R in both
cases. This computation was later generalized to the case of linear foliations on tori
of arbitrary dimension [20, 8].
Other known properties of the leafwise cohomology are the following ones. The
leafwise cohomology of degree one with coefficients in the normal bundle is related to
the infinitesimal deformations of the foliation [18]. For p = dimF , the dual space
Hpc (F)
′ is canonically isomorphic to the space of holonomy invariant transverse
distributions [15]—recall that for a topological vector space V , the dual space V ′ is
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the space of continuous linear maps V → R. H ·(F) is invariant by leaf preserving
homotopies, and Mayer-Vietoris arguments can be applied [10], which was used to
compute H ·(F) for some examples. For an arbitrary flow F on the two-torus, it was
proved that dimH1(F) =∞ if F is not minimal, and dimH1(F) = 1 if and only if
F is C∞ conjugate to a Diophantine linear flow [7]. The triviality of H1(F) implies
the triviality of the linear holonomy [10], and is equivalent to Thurston’s stability
if codimF = 1 and M is closed [6]. However, more general relations between the
leafwise cohomology and the geometry of the foliation remain rather unknown.
The above examples of linear foliations on tori could wrongly suggest that H·(F)
may be of finite dimension ifM is closed and the leaves are dense. In fact, S. Hurder
and the first author gave examples of foliations with dense leaves on closed Rie-
mannian manifolds with an infinite dimensional space of leafwise harmonic forms
that are C∞ on the ambient manifold [4], and this space is canonically injected in
the leafwise reduced cohomology; indeed this injection is an isomorphism at least
for the so called Riemannian foliations [5]. So a natural problem is the following:
Give geometric properties characterizing C∞ foliations whose leafwise reduced co-
homology is of finite dimension; specially for foliations with dense leaves on closed
manifolds .
The aim of this paper is to give an approach to this problem. The first and main
geometric idea we use is the intersection number of subfoliations with “appropriate
coefficients”. To explain it, consider the simplest example where M = T × L with
the foliation F whose leaves are the slices {∗}×L, where T, L are closed manifolds of
dimensions q, p. Let (Ω·(L), dL) be the de Rham complex of L, and let H·(L), H
·(L)
denote the homology and cohomology of L with real coefficients. Then Ω·(F) is
the C∞ closure of C∞(T )⊗ Ω·(L), where dF = 1⊗ dL. So
Hk(F) = Hk(F) ≡ C∞(T )⊗Hk(L)
because H ·(L) is of finite dimension. Assume L is oriented for simplicity. Then
recall that Poincare´ duality and integration of differential forms establish canonical
isomorphisms
Hk(L) ∼= Hq−k(L) , H
k(L)′ ∼= Hk(L) ,
such that the canonical pairing between Hk(L)⊗Hk(L)′ → R corresponds to the
intersection pairing Hp−k(L)⊗Hk(L)→ R [32]. Hence
Hk(F) ∼= C∞(T )⊗Hp−k(L) ,(1)
Hk(F)′ ∼= C∞(T )′ ⊗Hk(L) ,(2)
such that the canonical pairing Hk(F) ⊗Hk(F)′ → R corresponds to the product
of the evaluation of distributions on C∞ functions and the intersection pairing.
Now observe that, according to [32], the right hand side spaces in (1) and (2) are
respectively generated by elements of the form f ⊗ [K1] and D ⊗ [K2], where f is
a C∞ function on T , D is a distribution on T , and K1,K2 ⊂ L are closed oriented
submanifolds of dimensions p − k, k. Hence dimHk(F) = ∞ is equivalent to the
existence of sequences of elements fm⊗ [K1] and Dn⊗ [K2] as above so that K1,K2
have non-trivial intersection number and Dn(fn) 6= 0 if and only ifm = n; of course
this holds just when Hk(L) 6= 0 and q > 0.
Now consider each element fm ⊗ [K1] as the family of homology classes
fm(t) [{t} ×K1] ∈ Hp−k({t} × L) , t ∈ T ,
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determined by the family of closed oriented submanifolds {t} × K1 of the leaves
of F and the family of coefficients fm(t). The elements Dn ⊗ [K2] have a similar
interpretation by considering distributions as generalized functions. A key property
here is that the families {t}×K1 and {t}×K2 depend smoothly on t, determining
C∞ subfoliations F1,F2 of F . Other key properties are the C
∞ dependence of
the coefficients fm(t) on t, and the distributional dependence of the generalized
coefficients Dn(t) on t. This means that the fm are C
∞ basic functions of F1
and the Dn are “distributional basic functions” of F2; i.e., the Dn are holonomy
invariant transverse distributions of F2. It turns out that these key properties are
enough to generalize the above ideas in a way that can be applied even when the
leaves are dense, obtaining our first main theorem that roughly asserts the following:
For a C∞ oriented foliation F of dimension p, we have dimHkc (F) = ∞ when F
has oriented subfoliations F1,F2 of dimensions k− p, p, and there is a sequence of
basic functions fm of F1 and a sequence of transverse invariant distributions Dn of
F2, such that the corresponding “intersection numbers” are non-trivial if and only if
m = n—certain simple conditions are also required for the “intersection numbers”
to be defined . We do not know whether such conditions form a characterization
of the cases where dimHkc (F) = ∞; this depends on whether it is possible to
“smoothen” the representatives of classes in certain leafwise homologies introduced
in [3]. Indeed the above fm and Dn play the roˆle of coefficients in homology,
assigning a number to each leaf of the subfoliations; the way these numbers vary
from leaf to leaf is what makes these coefficients appropriate.
Though these conditions are difficult to check in general, this result has many
easy to apply corollaries. For instance, suppose an oriented foliation F is Riemann-
ian—in the sense that all of its holonomy transformations are local isometries for
some Riemannian metric on local transversals [29, 25]. Then dimH·c(F) = ∞ if
F is of positive codimension and some leaf of F contains homology classes with
non-trivial intersection. These conditions are quite simple to verify. In this case,
the infinitely many linearly independent classes obtained in H·c(F) can be consid-
ered as “transverse diffusions” of the homology classes in the leaf. This diffusion
idea is inspired by the unpublished preprints [19, 4]. Indeed [19] is the germinal
work about the relation of the analysis on the leaves and on the ambient manifold
obtained by transverse diffusion.
Other consequences of the above general theorem hold when F is a suspension
foliation. That is, the ambient manifold of F is the total space of a fiber bundle
M → B with the leaves transverse to the fibers, and such that the restriction
of the bundle projection to each leaf is a regular covering of the base B. Now
dimH·c(F) = ∞ when B is oriented and has homology classes with non-trivial
intersection satisfying additional properties with respect to the holonomy of F . In
this case the leaves may not contain homology classes with non-trivial intersection,
and thus the idea of “transverse diffusion” of homology classes in the leaves may
fail. In fact we shall see that the infinite dimension of H1c(F) may be more related
to the number of ends of the leaves.
To explain another theorem of this paper, recall that a foliation F on a manifold
M is a Lie foliation when it has a complete transversal diffeomorphic to an open
subset of a Lie group G so that holonomy transformations on this transversal corre-
spond to restrictions of left translations on G—this type of foliations play a central
roˆle in the study of Riemannian foliations [25]. The Lie algebra g of G is called the
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structural Lie algebra of F ; we may also simply say that F is a Lie g-foliation. In
this case, if M is closed and oriented, and g is compact semisimple, then we obtain
that dimH·(F) =∞ when some additional hypotheses are satisfied. Again we use
homology classes with non-trivial intersection in the hypotheses, but now they live
in the homology of M . The proof of this result is reduced to the case of suspension
foliations to apply what we already know. This reduction process contains rather
delicate arguments based on the work [2] of the first author.
The above results are negative in the sense that all of them give conditions for
the nonexistence of finite Betti numbers for the reduced leafwise cohomology. In
contrast, our final theorem shows that the reduced leafwise cohomology of the so
called homogeneous foliations with dense leaves in closed nilmanifolds is isomorphic
to the cohomology of the Lie algebra defining the foliation. This has been also
proved by X. Masa with different techniques.
Acknowledgment . We wish to thank F. Alcalde for many helpful conversations.
The first author would like to thank the hospitality of the Institut de Mathe´ma-
tiques et d’Informatique of the University Claude Bernard of Lyon several times
during the preparation of this work. We would like also to thank the referee for
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2. Main results
For the sake of simplicity, all manifolds, foliations, maps, functions, differential
forms and actions will be assumed to be C∞ from now on, unless the contrary is
explicitly stated.
Let F be a foliation on a manifold M . For any closed saturated subset S ⊂M ,
let Ω·S(F) ⊂ Ω
·(F) be the subcomplex of leafwise differential forms whose support
has compact intersection with S. Consider the topology on Ω·S(F) determined as
follows: A sequence αn ∈ Ω·S(F) converges to zero if it converges to zero in Ω
·(F)
and there is a compact subset K ⊂ S such that S∩ suppαn ⊂ K for all n. We have
the corresponding cohomology H ·S(F), and reduced cohomology H
·
S(F). With this
notations, observe that Ω·(F) = Ω·∅(F) and Ω
·
c(F) = Ω
·
M (F) as topological vector
spaces.
Let f : (M1,F1) → (M2,F2) be a map of foliated manifolds, and let Si ⊂ Mi,
i = 1, 2, be closed saturated subsets such that the restriction f : S1 → S2 is a proper
map. Then f∗(Ω·S2(F2)) ⊂ Ω
·
S1
(F1), yielding a homomorphism f∗ : H
·
S2(F2) →
H·S1(F1). In particular we get f
∗ : H·c(F2)→ H
·
S1(F1) if f : S1 →M2 is proper.
The following is what we need to define the intersection number of subfoliations
with “appropriate coefficients”:
• An oriented foliation F on a manifold M , and two immersed oriented sub-
foliations ιi : (Mi,F i)→ (M,F), i = 1, 2.
• dimF = dimF1 + dimF2, and codimF = codimF1.
• Each ιi is transversely regular in the sense that it defines embeddings of
small enough local transversals of F i into local transversals of F ; i.e. the
homomorphism defined by the differential of ιi between the normal bundles
of F i and F is injective on the fibers.
• A compactly supported basic function f of F1.
• A holonomy invariant transverse distribution D of F2 such that the map
ι2 : suppD →M is proper.
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• The restrictions ι1|supp f and ι2|suppD intersect transversely in F in the
sense that, for all leaves Li of F i and L of F such that L1 ⊂ supp f , L2 ⊂
suppD and ι1(L1) ∪ ι2(L2) ⊂ L, the immersed submanifolds ιi : Li → L
intersect transversely in L.
Observe that there are open neighborhoods, N1 of supp f and N2 of suppD, such
that the ιi|Ni intersect transversely in F . Consider the pull-back diagram
T
σ1−−−−→ N1
σ2
y yι1
N2
ι2−−−−→ M .
Here
T = {(x1, x2) ∈ N1 ×N2 | ι1(x1) = ι2(x2)} ,
and the σi are restrictions of the factor projections. It is easy to check that ι1× ι2 :
N1 × N2 → M × M is transverse to the diagonal ∆, and thus T is a manifold
with dimT = codimF2. Moreover the σi are immersions, and σ2 is transverse
to F2. So D defines a distribution on T , which will be denoted by DT . We also
have the locally constant intersection function ε : T → {±1}, where ε(x1, x2) = ±1
depending on whether the identity
Tιi(xi)F ≡ ι1∗Tx1F1 ⊕ ι2∗Tx2F2
is orientation preserving or orientation reversing. On the other hand
(ι1(supp f)× ι2(suppD)) ∩∆
is compact because it is a closed subset of the compact space ι1(supp f)×ι1(supp f).
So
suppσ∗1f ∩ suppDT = (ι1 × ι2)
−1((ι1(supp f)× ι2(suppD)) ∩∆)
is a compact subspace of T since ι1 × ι2 : supp f × suppD → M ×M is a proper
map. Thus the following definition makes sense.
Definition 2.1. With the above notations, the intersection number of (ι1, f) and
(ι2, D), denoted by 〈(ι1, f), (ι2, D)〉, is defined as DT (g) for any compactly sup-
ported function g on T which is equal to the product ε σ∗1f on some neighborhood
of suppσ∗1f ∩ suppDT .
Now our first main theorem is the following.
Theorem 2.2. Let F be an oriented foliation on a manifoldM , and ιi : (Mi,F i)→
(M,F), i = 1, 2, transversely regular immersed oriented subfoliations. Suppose
dimF = dimF1 + dimF2, and codimF = codimF1. Let fm be a sequence of
compactly supported basic functions of F1, and Dn a sequence of holonomy invari-
ant transverse distributions of F2 such that each restriction ι2 : suppDn → M is
a proper map. Suppose each pair ι1|supp fm and ι2|suppDn intersect transversely in
F , and 〈(ι1, fm), (ι2, Dn)〉 6= 0 if and only if m = n. Then dimH
k
c (F) = ∞ for
k = dimF2.
The following two corollaries are the first type of consequences of Theorem 2.2;
the second corollary follows directly from the first one.
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Corollary 2.3. Let F be an oriented foliation of codimension q > 0, L a leaf of
F , and h : pi1(L) → G∞q its holonomy representation, where G
∞
q is the group of
germs at the origin of local diffeomorphisms of Rq with the origin as fixed point. Let
ιi : Ki → L, i = 1, 2, be smooth immersions of closed oriented manifolds of com-
plementary dimension and nontrivial intersection. Suppose there is a Riemannian
metric on Rq so that the elements in the image of the composites
(3) pi1(Ki)
pi1(ιi)
−−−−→ pi1(L)
h
−−−−→ G∞q
are germs of local isometries. Then dimHkic (F) =∞ for ki = dimKi, i = 1, 2.
Corollary 2.4. Let F be an oriented Riemannian foliation of positive codimension.
Suppose some leaf of F has homology classes of complementary degrees, k1 and k2,
with non-trivial intersection. Then dimHkic (F) =∞, i = 1, 2.
Before stating the next type of corollaries of Theorem 2.2, recall that a suspension
foliation F is given as follows. Let pi : L → B be a regular covering map of an
oriented manifold, and let Γ be its group of deck transformations. For any effective
action of Γ on some manifold T , consider the right diagonal action of Γ on L× T :
(z, t)γ = (zγ, γ−1t) for γ ∈ Γ and (z, t) ∈ L × T . Then F is the foliation on
M = (L×T )/Γ whose leaves are the projections of the submanifolds L×{∗} ⊂ L×T .
The element in M defined by each (z, t) ∈ L × T will be denoted by [z, t]. The
map ρ : M → B given by ρ([z, t]) = pi(z) is a fiber bundle projection with typical
fiber T . The leaves of F are transverse to the fibers of ρ, and define coverings of
B. The leaf that contains [z, t] can be canonically identified to L/Γt, where Γt is
the isotropy subgroup of Γ at t. This leaf is dense if and only if the Γ-orbit of t is
dense in T .
Corollary 2.5. With the above notation, let h : pi1(B) → Γ be the surjective
homomorphism defined by the regular covering L of B, and let ιi : Ki → B, i = 1, 2,
be immersions of connected oriented manifolds of complementary dimension in B.
Suppose K1 is a closed manifold, ι2 a proper map, and the homology class defined
by ι1 has non-trivial intersection with the locally finite homology class defined by
ι2. For each i, let Γi ⊂ Γ be the image of the composite
pi1(Ki)
pi1(ιi)
−−−−→ pi1(B)
h
−−−−→ Γ .
Let fm be a sequence of compactly supported Γ1-invariant functions on T , and Dn
a sequence of Γ2-invariant distributions on T such that Dn(fm) 6= 0 if and only if
m = n. Then dimHkc (F) =∞ for k = dimK2.
Corollary 2.6. Let B, L, h, Γ, T , F , Ki, ιi and Γi be as in Corollary 2.5. Let
µ be a Γ2-invariant measure on T . Suppose the closure of the image of Γ1 in the
topological group of diffeomorphisms of T (with the weak C∞ topology) is a compact
Lie group, and there is an infinite sequence of Γ1-invariant open subsets of T with
non-trivial µ-measure and pairwise disjoint Γ2-saturations. Then dimH
k
c (F) =∞
for k = dimK2.
Observe that, in Corollary 2.6, the infinite sequence of Γ1-invariant open sets
may not be Γ2-invariant, and their Γ2-saturations may not be Γ1-invariant.
Corollary 2.7. Let B, L, h, Γ, T and F be as in Corollary 2.5. Suppose that there
is a loop c : S1 → B with a lift to L that joins two distinct points of the end set of L.
Let a = h([c]) ∈ Γ, where [c] is the element of pi1(B) represented by c, and assume
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that the closure H of the image of 〈a〉 in the topological group of diffeomorphisms
of T (with the weak C∞ topology) is a compact Lie group. Suppose also that there
is an infinite sequence of disjoint non-trivial H-invariant open subsets of T . Then
dimH1c(F) =∞.
In Corollaries 2.5, 2.6 and 2.7, if B is compact, then the leaves of F can only
be dense when L has either one end or a Cantor space of ends, as follows from the
following.
Proposition 2.8. Let Γ be a finitely generated group with two ends, and C ⊂ Γ
an infinite subgroup. Suppose Γ acts continuously on some connected T1 topological
space X. Then the Γ-orbits are dense in X if and only if so are the C-orbits.
Now let F be a Lie g-foliation on a closed manifold M . The following property
characterizes such a type of foliations [11, 24, 25]. Let M˜ be the universal covering
of M , F˜ the lift of F to M˜ , and G the simply connected Lie group with Lie
algebra g. Then the leaves of F˜ are the fibers of a fiber bundle M˜ → G, which
is equivariant with respect to some homomorphism h : pi1(M) → G, where we
consider the right action of pi1(M) on M˜ by deck transformations and the right
action of G on itself by right translations. This h and its image are respectively
called the holonomy homomorphism and holonomy group of F . Observe that the
fibers of D are connected because G is simply connected (a connected covering of G
is given by the quotient of M˜ whose points are the connected components of these
fibers).
Theorem 2.9. With the above notation, suppose that M is oriented and the struc-
tural Lie algebra g of F is compact semisimple. Let ιi : Ki → M , i = 1, 2,
be immersions of closed oriented manifolds of complementary dimension defining
homology classes of M with non-trivial intersection. Let Γi be the image of the
composite
pi1(Ki)
pi1(ιi)
−−−−→ pi1(M)
h
−−−−→ G .
Suppose the group generated by Γ1 ∪ Γ2 is not dense in G. Let k = dimK2, and
suppose either 1 ≤ k ≤ 2 or ι1 is transverse to F . Then dimH
k(F) =∞.
The following is our final theorem.
Theorem 2.10. Let H be a simply connected nilpotent Lie group, K ⊂ H a normal
connected subgroup, and Γ ⊂ H a discrete uniform subgroup whose projection to
H/K is dense. Let F be the foliation of the closed nilmanifold Γ\H defined as the
quotient of the foliation on H whose leaves are the translates of K. Then there is
a canonical isomorphism H·(F) ∼= H ·(k), where k is the Lie algebra of K.
The following two examples are of different nature. In both of them there are
infinitely many linearly independent leafwise reduced cohomology classes of degree
one. But these classes are induced by the handles in the leaves in Example 2.11,
whereas they are induced by the “branches” of the leaves that define a Cantor space
of ends in Example 2.12.
Example 2.11 ([4]). Let L be a Z-covering of the compact oriented surface of
genus two; i.e., L is a cylinder with infinitely many handles attached to it. Each
handle contains two circles defining homology classes with non-trivial intersection.
Hence for any injection of Z into the n-torus Rn/Zn, the corresponding suspension
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foliation fulfills the hypotheses of Corollary 2.6, and thus has infinite dimensional
reduced leafwise cohomology of degree one. We could also use Corollary 2.4 instead
of Corollary 2.6.
Example 2.12. Let Γ be the free group with two generators, and L a Γ-covering
of the compact orientable surface of genus two. This L has a Cantor space of ends.
Hence, for any injective homomorphism of Γ in a compact Lie group, the reduced
leafwise cohomology of degree one of the corresponding suspension foliation is of
infinite dimension by Corollary 2.7.
3. Leafwise reduced cohomology and subfoliations
This section is devoted to the proof of Theorem 2.2. With the notations in-
troduced in Section 2, the idea of the proof is the following. The (ι1, fm) yield
elements ζm ∈ H
r
c(F) by “leafwise Poincare´ duality”. On the other hand, the argu-
ments in [15] show that eachDn can be considered as an element inH
r
Sn(F2)
′, where
Sn = suppDn ⊂ M . Moreover there are homomorphisms ι∗2 : H
·
c(F) → H
·
Sn(F2)
since the ι2 : Sn → M are proper maps. Then the result follows by verifying
〈(ι1, fm), (ι2, Dn)〉 = Dn(ι∗2ζm).
We first explain the way “leafwise Poincare´ duality” works. Consider the trans-
verse complex Ω·c(TrF) introduced in [15], which will be only used for degree zero.
For any representative H of the holonomy pseudogroup of F , defined on some
manifold T , Ω0c(TrF) is defined as the quotient of C
∞
c(T ) over the subspace gen-
erated by the functions of the type φ − h∗φ, where h ∈ H and φ ∈ C∞c(T ) with
suppφ ⊂ domh. As a topological vector space, Ω0c(TrF) is independent of chosen
representative of the holonomy pseudogroup. From the definition it easily follows
that the dual space Ω0c(TrF)
′ can be canonically identified to the space of holonomy
invariant transverse distributions of F .
Now consider the representative H of the holonomy pseudogroup induced by an
appropriate locally finite covering ofM by foliation patches Ui; that is, if fi : Ui →
Ti is the local quotient map whose fibers are the plaques in Ui, then appropriateness
of this covering means that each equality fj = hi,jfi on Ui ∩ Uj determines a
diffeomorphisms hi,j : fi(Ui ∩ Uj) → fj(Ui ∩ Uj), and the collection of all of these
diffeomorphisms generate the pseudogroup H on T =
⊔
i Ti. Fix also a partition
of unity φi subordinated to the covering Ui. With these data we have a map
Ωpc(F) → Ω
·
c(T ) given by α 7→
∑
i
∫
fi
φiα, where p = dimF and
∫
fi
denotes
integration along the fibers of fi. This “integration along the leaves” induces an
isomorphism Hp(F) ∼= Ω0c(TrF) of topological vector spaces, which is independent
of the choice of the Ui and φi [15, §3.3]. So
Hpc(F)
′ ≡ Hpc (F)
′ ∼= Ω0c(TrF)
′ ;
i.e., any holonomy invariant distribution D can be canonically considered as an
element in Hpc(F)
′. Moreover D can be also considered as an element in HpS(F)
′ ≡
HpS(F)
′ for S = suppD as follows from the following argument. For any α ∈ Ωpc(F),
it is easily verified that D
(∑
i
∫
fi
φiα
)
depends only on the restriction of α to any
neighborhood of the support of D in M . Therefore, if ζ ∈ HpS(F), α ∈ Ω
p
S(F)
is any representative of ζ, and β ∈ Ωpc(F) has the same restriction as α to some
neighborhood of S, then D
(∑
i
∫
fi
φiβ
)
does not depend on the choices of α and
β, and thus this is a good definition of D(ζ).
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Theorem 2.2 will follow easily from the following result, which will be proved in
Section 4.
Proposition 3.1. Let F be an oriented foliation on a manifold M . Let ι1 :
(M1,F1) → (M,F) be a transversely regular immersed oriented subfoliation with
codimF = codimF1, and f a compactly supported basic function of F1. Then
there is a class ζ ∈ Hkc (F), k = dimF − dimF1, such that
(4) 〈(ι1, f), (ι2, D)〉 = D(ι
∗
2ζ)
for any subfoliation ι2 : (M2,F2)→ (M,F) and any holonomy invariant transverse
distribution D of F2 so that the left hand side of (4) is defined. In the right hand
side of (4), D is considered as an element of HkS(F2)
′ for S = suppD, and ι∗2
denotes the homomorphism Hkc (F)→ H
k
S(F2) induced by ι2, which is defined since
ι2 : S →M is a proper map.
We do not know whether (4) completely determines ζ. If so, ζ could be called
the leafwise Poincare´ dual class of (ι1, f).
Proof of Theorem 2.2. Let ζm ∈ H
k
c (F) be the classes defined by the (ι1, fm) ac-
cording to Proposition 3.1. If Pn ∈ H
k
c (F)
′ is given by the composite
Hkc (F)
ι∗2−−−−→ HkSn(F2)
Dn−−−−→ R ,
we have Pn(ζm) 6= 0 if and only if m = n by Proposition 3.1, yielding the linear
independence of the ζm. 
4. Leafwise Poincare´ duality
This section will be devoted to the proof of Proposition 3.1.
4.1. On the Thom class of a vector bundle. The following lemma is a technical
step in the proof of Proposition 3.1, which will be proved in Section 4.2.
Lemma 4.1. Let M be a manifold and pi : E → M an oriented vector bundle.
Identify M to the image of the zero section, whose normal bundle is canonically
oriented. There is a sequence Φn of representatives of the Thom class of E such
that, if f is any function on M , V is any neighborhood of M in E, K ⊂M is any
compact subset, and φ : V → E is any map which restricts to the identity on M
and its differential induces an orientation preserving automorphism of the normal
bundle of M , then pi−1(K) ∩ φ−1(suppΦn) is compact for large enough n, and the
sequence of functions
∫
pi
φ∗(pi∗f Φn) converges to f over K with respect to the C
∞
topology.
Corollary 4.2. Let pi : E → M be an oriented vector bundle, and ι : N → M an
immersion. Let piN : ι
∗E → N be the pull-back vector bundle, and ι˜ : ι∗E → E
the canonical homomorphism. Identify M and N to the image of the zero sections
of E and ι∗E, respectively, and consider the induced orientations on their normal
bundles. Let V be an open neighborhood of N in ι∗E, and h : V → E an extension
of ι such that the homomorphism between the normal bundles of N and M , defined
by the differential of h, restricts to orientation preserving isomorphisms between
the fibers. Let Φn be the forms on E given by Lemma 4.1, K ⊂ N a compact
subset, and f a function on M . Then pi−1N (K)∩ h
−1(suppΦn) is compact for large
enough n, and the sequence of functions
∫
piN
h∗(pi∗f Φn) converge to ι
∗f over K
with respect to the C∞ topology.
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Proof. Let U1, . . . , Um be a finite open cover of K such that each ι : Ui →M is an
embedding. For each i, there is a compactly supported function fi on M which is
supported in some tubular neighborhoodWi of ι(Ui), and such that f = f1+· · ·+fm
on some neighborhood of ι(K). Then, taking a neighborhood Vi of each Ui in V so
that h : Vi → E is an embedding, we get
(5)
∫
piN
h∗(pi∗f Φn) =
∑
i
∫
piN |
pi
−1
N
(Ui)
(h|Vi)
∗(pi∗fi Φn)
around K, yielding the result if each term in the right hand side of (5) converges
to ι∗fi. Therefore we can assume ι, ι˜ and h are embeddings.
With this assumption, there is an open disk bundle D over V , and extensions
ι˜′, h′ : D → pi−1(V ) of ι˜ and h, respectively, which are diffeomorphisms onto open
subsets of E. Let φ denote the composite
ι˜′(D)
(ι˜′)−1
−−−−→ D
h′
−−−−→ pi−1(V ) .
Clearly, φ satisfies the conditions of Lemma 4.1, and we can suppose f is supported
in ι˜′(D). So
∫
pi φ
∗(pi∗f Φn) converges to f over any compact subset of V with
respect to the C∞ topology. But
ι∗
∫
pi
φ∗(pi∗f Φn) =
∫
piN
((ι˜′)∗φ∗(pi∗f Φn)|V )
=
∫
piN
h∗(pi∗f Φn) ,
and the result follows. 
Observe that Lemma 4.1 is a particular case of Corollary 4.2. The corollary
could be proved directly with the arguments of the lemma, but the notation would
become more complicated.
4.2. Proof of Lemma 4.1. The following easy observations will be used to prove
Lemma 4.1.
Remark 1. Let E and F be vector bundles over the manifolds M and N , respec-
tively. Suppose f : E → F is a homomorphism which restricts to isomorphisms
on the fibers, and let g : M → N be the map induced by f . Thus the homomor-
phism E → g∗F , canonically defined by f , is an isomorphism. Therefore there is a
composite of homeomorphisms
C∞(F )→ C∞(g∗F )→ C∞(E) .
Here, the first homomorphism is canonically defined by the pull-back diagram of
g∗F , and the second one is induced by the inverse of E → g∗F . If s 7→ s′ by the
above composite, then s′ is determined by f(s′(x)) = s(g(x)) for x ∈M .
Remark 2. Set E = Rn × Rk, and let pii, i = 1, 2, denote the factor projections of
E onto Rn and Rk, respectively. Let K be a compact subset of Rn, and φ : V →W
a diffeomorphism between open neighborhoods of Rn×{0}. Suppose φ restricts to
the identity on Rn × {0}. For any r > 0, let Br, Sr ⊂ R
k respectively denote the
Euclidean ball and the Euclidean sphere of radius r centered at the origin. Then
there is an R > 0 and an open neighborhood U of K such that, for every x ∈ U and
LEAFWISE REDUCED COHOMOLOGY 11
every y ∈ BR, {x} × R
k intersects transversely φ−1(Rn × {y}) at just one point.
Moreover, the map
σ : U ×BR → (U × R
k) ∩ φ−1(Rn ×BR) ,
determined by
{σ(x, y)} = ({x} × Rk) ∩ φ−1(Rn × {y}) ,
is a diffeomorphism. Indeed σ is smooth because each (U×Rk)∩φ−1(Rn×{y}) can
be given as the graph of a map ψy : U → R
k depending smoothly on y ∈ BR, and
σ(x, y) = (x, ψy(x)). It also has a smooth inverse since (x, y) = (x, pi2 φσ(x, y)).
Therefore, for r ≤ R, pi1 : (U ×R
k) ∩ φ−1(Rn × Sr)→ U is a sphere bundle, whose
fibers are of volume uniformly bounded by Crk−1 for some C > 0 if U and R are
small enough.
To begin with the proof of Lemma 4.1, fix a Riemannian structure on E, and
let Br, Sr ⊂ E respectively denote the corresponding open disk bundle and sphere
bundle of radius r. Set S = S1. Let ψ be a global angular form of S [9, §11]. (If E
is of rank k, ψ is a differential form of degree k − 1 restricting to unitary volume
forms on the fibers and so that dψ = −pi∗e, where e represents the Euler class of
S.) Let r : E → R denote the radius function, and h : E \M → S the deformation
retraction given by h(v) = v/r(v). For each n, let also ρn be a function on [0,∞)
such that −1 ≤ ρn ≤ 0, ρ′n ≥ 0, ρn ≡ −1 on a neighborhood of 0, and ρn ≡ 0 on
[1/n,∞). Then each
Φn = d(ρn(r)h
∗ψ) = ρ′n(r) dr ∧ h
∗ψ − ρn(r)pi
∗e
represents the Thom class of E [9, §12].
Local orthonormal frames canonically define isomorphisms of triviality of E
which restrict to local isomorphisms between restrictions of each Sr and trivial
sphere bundles with typical fiber the Euclidean sphere of radius r. So Remark 2
and the conditions satisfied by φ yield the existence of some R,C > 0 and some
relatively compact open neighborhood U of K in M so that
• pi−1(U) ∩ φ−1(BR) ⊂ V ,
• the map
φ : pi−1(U) ∩ φ−1(BR)→ φpi
−1(U) ∩BR
is a diffeomorphism whose differential is of fiberwise uniformly bounded
norm, and
• for 0 < r ≤ R, φ−1(Sr) is transverse to the fibers of pi over U and pi :
pi−1(U) ∩ φ−1(Sr) → U is a sphere bundle whose fibers are of volume
uniformly bounded by Crk−1.
The φ∗Φn also represent the Thom class of E over U for n > 1/R. Hence
f −
∫
pi
φ∗(pi∗f Φn)
=
∫
pi
(pi∗f − φ∗pi∗f)φ∗Φn
=
∫ 1/n
0
ρ′n(r) dr
∫
pi|
pi−1(U)∩φ−1(Sr)
(pi∗f − φ∗pi∗f)φ∗h∗ψ(6)
−
∫
pi
(pi∗f − φ∗pi∗f) ρn(φ
∗r)φ∗pi∗e .(7)
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We have to prove that (6) and (7) converge uniformly to zero on K as n →∞, as
well as all of its derivatives of any order.
Take a Riemannian metric on M , and a splitting TE = V ⊕ H, where V is the
vertical bundle of pi and H the horizontal bundle of any Riemannian connection.
This yields a Riemannian structure on TE defined in the standard way by using
the canonical isomorphisms V ∼= pi∗E and H ∼= pi∗TM . We also have TM = H|M ,
H|Sr ⊂ TSr, and
(8) TSr = (V ∩ TSr)⊕ (H|Sr) .
Finally, we can assume
(9) V ∩ φ−1∗ (H) = 0 over pi
−1(U) ∩ φ−1(BR)
by the properties of φ.
By the conditions on φ, the supremum of |pi∗f−φ∗pi∗f | over pi−1(U)∩φ−1(B1/n)
converges to zero as n→∞. Also the pointwise norm of φ∗pi∗e is uniformly bounded
on pi−1(U) ∩ φ−1(B1/n), thus (7) converges uniformly to zero as n → ∞. On the
other hand, because the fiberwise norm of each h∗ : TSr → TS is r−1, the pointwise
norm of φ∗h∗ψ is uniformly bounded on pi−1(U)∩φ−1(Sr) by C1r−k+1 with C1 > 0
independent of r ≤ R. So (6) also converges uniformly to zero on U as n→∞ by
the estimate on the volume of the fibers of pi on pi−1(U) ∩ φ−1(Sr).
Now fix vector fields X1, . . . , Xm on U . By (8) and (9) the Xi have liftings Yi
which are sections of φ−1∗ H over pi
−1(U)∩φ−1(BR). For any subset I ⊂ {1, . . . ,m},
let θI denote the composite of Lie derivatives θY1 · · · θYl if I = {i1, . . . il} with
i1 < i2 < · · · < il, and let θ∅ be the identity homomorphism. Then the order m
derivative X1 · · ·Xm over (6) and (7) is respectively given by
(10)
∑
I,J
∫ 1/n
0
ρ′n(r) dr
∫
pi|
pi−1(U)∩φ−1(Sr)
θI(pi
∗f − φ∗pi∗f) θJφ
∗h∗ψ ,
and
(11) −
∑
I,J
∫
pi
θI(pi
∗f − φ∗pi∗f) ρn(φ
∗r) θJφ
∗pi∗e ,
where I, J runs over the partitions of {1, . . . ,m}. By the properties of H and φ,
the supremum of the |θI(pi∗f − φ∗pi∗f)| on pi−1(U) ∩ φ−1(B1/n) converges to zero
as n → ∞. Hence (11) converges uniformly to zero on K because the pointwise
norm of the θJφ
∗pi∗e can be uniformly bounded on pi−1(K)∩φ−1(BR). The uniform
convergence of (10) to zero follows by estimating the pointwise norm of the θJφ
∗h∗ψ
on pi−1(K) ∩ φ−1(Sr) by C2r−k+1 for some C2 > 0 independent of r. This in
turn follows by proving a similar estimate for the pointwise norm of θ′Jh
∗ψ on
φpi−1(K) ∩ Sr, where the θ′J are defined in the same way as the θJ by using the
Y ′i = φ∗Yi instead of the Yi. To do this, consider the multiplication map µ :
[0, R]× S → BR. Since
µ∗ : [0, 1]× (H|S) ⊂ T ([0, 1]× S)→ H
restricts to isomorphisms on the fibers, by Remark 1 there are smooth sections Y ′′i
of [0, 1]× (H|S) so that µ∗(Y ′′i (r, v)) = Y
′
i (rv). Also because the composite
(0, R]× S
µ
−−−−→ BR \M
h
−−−−→ S
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is the second factor projection, µ∗h∗ψ is the form canonically defined by ψ on
(0, R] × S, which extends smoothly to [0, R] × S. So, if θ′′J is defined in the same
way as the θJ by using the Y
′′
i instead of the Yi, the pointwise norm of the θ
′′
Jµ
∗h∗ψ
is uniformly bounded. Then the desired estimation of the pointwise norm of the
θ′Jh
∗ψ follows by observing that the fiberwise norm of µ∗ : {r} × TS → TSr is r.
4.3. Proof of Proposition 3.1. Recall that any local diffeomorphism φ :M → N
induces a homomorphism of complexes, φ∗ : Ωc(M) → Ωc(N), defined as follows.
For any α ∈ Ωc(M), choose a finite open cover U1, . . . , Un of suppα such that
each restriction φ : Ui → φ(Ui) is a diffeomorphism. There is a decomposition
α = α1 + · · ·+ αn so that suppαi ⊂ Ui. For each i, there is a unique βi ∈ Ωc(N)
supported in φ(Ui) such that βi|φ(Ui) corresponds to αi|Ui by φ. Define φ∗α =
β1 + · · · + βn. This definition is easily checked to be independent of the choices
involved and compatible with the differential maps. If φ : (M,F) → (N,G) is
a local diffeomorphism of foliated manifolds, we similarly have a homomorphism
φ∗ : Ωc(F) → Ωc(G) which is compatible with the leafwise de Rham derivative.
Moreover φ∗ is surjective if so is φ.
Now Proposition 3.1 can be proved as follows.
There is a canonical injection of TF1 as vector subbundle of ι∗1TF . Let E =
ι∗1TF/TF1, and pi : E → M1 the bundle projection. Identify M1 with the image
of the zero section of E. Fixing any Riemannian metric on M , there are induced
Riemannian metrics on the Mi, and an induced Riemannian structure on E. For
each r > 0, let Br ⊂ E denote the open disk bundle of radius r over M1. Then
there is an R > 0 and an open neighborhood U of the support of f in M1 such
that, if V = pi−1(U) ∩ BR, the restriction of ι1 to U can be extended to a map of
foliated manifolds, ι˜1 : (V, pi
∗F1|V ) → (M,F), which is defined over each x ∈ M1
as a composite of the restriction of the canonical homomorphism
(ι∗1TF/TF1)x → Tι1(x)F/ι1∗TxF1 ≡ (ι1∗TxF1)
⊥ ∩ TxF ,
and the exponential map of the leaves of F defined on the ball of radius R centered
at zero in (ι1∗TxF1)⊥∩TxF . By elementary properties of the exponential map and
since ι1 is transversely regular with codimF1 = codimF , R can be chosen so that
ι˜1 is a local diffeomorphism and ι˜
∗
1F = pi
∗F1|V .
E is of rank k, and with an induced orientation. The representatives Φn of its
Thom class, given by Lemma 4.1, can be assumed to be supported in BR. The Φn
are of degree k, closed and compactly supported in the vertical direction, i.e. with
compactly supported restrictions to the fibers. Moreover all the Φn|BR are pairwise
cohomologous in the complex of forms in Ω·(BR) which are compactly supported in
the vertical direction. On the other hand, f is basic and compactly supported. So
the pi∗f Φn restrict to leafwise closed forms αn ∈ Ωkc (pi
∗F1|V ) which are pairwise
cohomologous. Thus the ι˜1∗αn ∈ Ω
k
c (F) are leafwise closed and define the same
class ζ ∈ Hkc (F).
Let U1, . . . , Um, be an open cover of the support of f in U such that each
ι1 : Uj → M is an embedding, j = 1, . . . ,m. The above R can be chosen small
enough so that the ι˜1 : Vj = pi
−1(Uj) ∩ BR → ι˜1(Vj) are diffeomorphisms. Take a
decomposition f = f1 + · · ·+ fm with each fj compactly supported in Uj, and let
αn,j ∈ Ωkc (pi
∗F1|Vj ) be the restriction to the leaves of pi
∗fj Φn. Then, by definition,
ι˜1∗αn = βn,1 + · · ·+ βn,m ,
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where each βn,j ∈ Ωkc (F) is the extension by zero of the forms in Ω
k
c (F|ι˜1(Vj)) which
correspond to the αn,j |Vj by ι˜1.
Given ι2 : (M2,F2) → (M,F), we use the same notation as in the preamble of
Definition 2.1. We can clearly assume the Uj are contained in N1. Let ι = ι1σ1 =
ι2σ2 : T →M . There is a canonical isomorphism
ι∗TF ∼= σ∗1TF1 ⊕ σ
∗
2TF2
because the ιi|Ni intersect transversely in F . So σ
∗
1E
∼= σ∗2TF2 canonically. This
isomorphism will be considered as an identity.
Let piT : σ
∗
1E → T be the pull-back vector bundle projection, and σ˜1 : σ
∗
1E → E
the canonical homomorphism. Identify T to the image of the zero section of σ∗1E.
For each j, take a relatively compact open subset Oj ⊂ σ
−1
1 (Uj) containing the
compact set suppσ∗1fj ∩suppDT . The above R can be chosen small enough so that
σ2 : Oj → N2 has an extension to a local diffeomorphism σ˜2 : pi
−1
T (Oj)∩σ˜
−1
1 (BR)→
N2 defined as the composite of the restriction of the canonical homomorphism
σ∗1E ≡ σ
∗
2TF2 → TF2, and the exponential map of the leaves of F2 defined on the
tubular neighborhood of radius R of the zero section in TF2. In this way, σ˜2 maps
each fiber of piT into a leaf of F2. Observe that the diagram
σ˜−11 (BR) ∩ pi
−1
T (Oj)
σ˜1−−−−→ Vj
σ˜2
y yι˜1
N2
ι2−−−−→ M
is obviously non-commutative in general. This is the main technical difficulty. To
solve it, we have chosen the Φn so that their supports concentrate around M1 and
satisfy the needed properties at the limit (Lemma 4.1 and Corollary 4.2).
We need the observation that
(12) σ2σ
−1
1 (A) = (ι2|N2)
−1ι1(A)
for any subset A ⊂ N1, as can be easily checked.
Using the compactness of BR ∩ pi−1(supp fj) and since
supp fj =
⋂
0<r<R
Br ∩ pi
−1(supp fj) ,
we easily get
ι1(supp fj) =
⋂
0<r<R
ι˜1
(
Br ∩ pi
−1(supp fj)
)
.
Therefore⋂
0<r<R
suppD ∩ ι−12 ι˜1
(
Br ∩ pi
−1(supp fj)
)
= suppD ∩ ι−12 ι1(supp fj)
= suppD ∩ σ2σ
−1
1 (supp fj)
= σ2(σ
−1
2 (suppD) ∩ σ
−1
1 (supp fj))
= σ2(suppDT ∩ suppσ
∗
1fj) ,
where the second equality follows by (12). Then, since the
suppD ∩ ι−12 ι˜1
(
Br ∩ pi
−1(supp fj)
)
are compact, and since
σ˜2
(
σ˜−11 (BR) ∩ pi
−1
T (Oj)
)
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is an open neighborhood of
σ2(suppDT ∩ suppσ
∗
1fj) ,
there is an r < R such that
suppD ∩ ι−12 ι˜1
(
Br ∩ pi
−1(supp fj)
)
⊂ σ˜2
(
σ˜−11 (BR) ∩ pi
−1
T (Oj)
)
.
So
suppD ∩ supp ι∗2βn,j ⊂ σ˜2(Wj)
for large enough n, where
Wj = σ˜
−1
2 ι
−1
2 ι˜1(Vj) ∩ σ˜
−1
1 (BR) ∩ pi
−1
T (Oj) .
We can assume this holds for every n. Hence there is some ωn,j ∈ Ωkc (F2) which is
supported in σ˜(Wj) and has the same restriction to some neighborhood of suppD
as ι∗2βn,j. If FpiT is the foliation on σ
∗
1E defined by the fibers of piT , there is some
γn,j ∈ Ωkc (FpiT |Wj ) such that (σ˜2|Wj )∗ωn,j = ι
∗
2βn,j . We get
(13) D(ι∗2ζ) =
∑
j
DT
(∫
piT |Wj
γn,j
)
by definition. Let hj :Wj → E be the immersion given by the composite
Wj
σ˜2−−−−→ ι−12 ι˜1(Vj)
ι2−−−−→ ι˜1(Vj)
ι˜−11−−−−→ Vj ⊂ E .
Clearly hj is an extension of σ1 : Oj → N1 ⊂ M1 ⊂ E, and γn,j = h∗j (pi
∗fj Φn)
around Wj ∩ pi
−1
T (σ
−1
1 (supp fj) ∩ suppDT ). Moreover the homomorphism between
the normal bundles of Oj and M1, defined by the differential of hj, restricts to
isomorphisms on the fibers. These isomorphisms are orientation preserving on fibers
over points with ε = 1, and orientation reversing on fibers over points with ε = −1.
Therefore
∫
piT |Wj
γn,j converges to ε σ
∗
1fj on σ
−1
1 (supp fj) ∩ suppDT with respect
to the C∞ topology by Corollary 4.2. Hence (13) is equal to 〈(ι1, f), (ι2, D)〉, and
the proof is complete.
Remark 3. Observe that, in Proposition 3.1, ζ has representatives supported in any
neighborhood of ι1(M1). Thus, in Theorem 2.2, the linearly independent classes
ζm ∈ H
·
c(F) also have representatives supported in any neighborhood of ι1(M1).
5. Case where the leaves have homology classes with non-trivial
intersection
This section will be devoted to the proof of Corollary 2.3.
LetM be the ambient manifold of F . Let pii : ι∗i (TM/TF)→ Ki denote the pull-
back vector bundle projection, and identify Ki to the image of its zero section. Fix a
Riemannian metric onM and, for some R > 0, letMi be the tubular neighborhood
of radius R around Ki in ι
∗
i (TM/TF). Such R can be chosen so that the maps
ι˜i : Mi → M are well defined as composites of the restrictions of the canonical
homomorphisms ι∗i (TM/TF) → TM/TF ≡ (TF)
⊥, and the restriction of the
exponential map of M to the tubular neighborhood of radius R of the zero section
of TF⊥. Choose R small enough so that ι˜i : pi
−1
i (xi) ∩Mi → ι˜i(pi
−1
i (xi) ∩Mi)
is an embedded transversal of F for each i and each xi ∈ Mi. Observe that
ι˜1(pi
−1
1 (x1)∩M1) = ι˜2(pi
−1
2 (x2)∩M2) if ι1(x1) = ι2(x2). The ι˜i are thus transverse
to F , and the F i = ι˜
∗
iF have the same codimension as F . Then ι˜i are transversely
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regular immersions of foliated manifolds. By deforming the ιi if needed, we can
suppose the ιi intersect each other transversely, and thus the ι˜i intersect transversely
in F . Moreover the orientations of the Ki induce orientations of the F i.
Each Ki is a closed leaf of F i whose holonomy representation is given by the
composite (3). So the holonomy group of Ki is given by germs of local isometries.
Hence F i is a Riemannian foliation aroundKi, as follows easily from [14, Theorem 2
in Chapter IV]. (See also [12, Theorem 2.29 in Chapter II] or [17].) We can assume
the whole F i is Riemannian, which can thus be described as follows [16, 26]. Fix
a transverse Riemannian structure of F i. Let Qi be the O(q)-principal bundle
over Mi of transverse orthonormal frames of F i with the transverse Levi-Civita
connection, and Fˆ i the horizontal lifting of F i to Qi [24, 25]. Let Pi be a leaf
closure of Fˆ i over Ki. Then Pi is an Hi-principal bundle over Ki for some closed
subgroup Hi ⊂ O(q). For the open disk B ⊂ R
q of radius R centered at the origin,
we can assumeMi ≡ (Pi×B)/Hi as fiber bundles over Ki, where the Hi-action on
P2×B is the diagonal one; i.e. (z, v)h = (zh, h−1v) for (z, h) ∈ Pi×B and h ∈ Hi.
Moreover the above identity can be chosen so that F i is identified to the foliation
whose leaves are the projections of products of leaves of Fˆ i in Pi and points in B.
(This description is simpler than the one in [16] and [26] because the leaf closure
Ki is just a compact leaf.)
Consider the transverse Riemannian structure of each F i defined by the Eu-
clidean metric on B using the above description. Since the elements in the image
of the composites (3) are germs of local isometries for the same metric on Rq, the
composite
B ≡ pi−12 (x2)∩M2
ι˜2−→ ι˜2(pi
−1
2 (x2)∩M2) = ι˜1(pi
−1
1 (x1)∩M1)
ι˜−11−→ pi−11 (x1)∩M1 ≡ B
is an isometry around the origin for all (x1, x2) ∈ K1×K2 with ι1(x1) = ι2(x2). We
can assume such composite is an isometry on the whole B, which will be denoted
by φx2,x1 .
With the above description, any compactly supported basic function f of F1 can
be canonically considered as an H1-invariant compactly supported function on B,
and any compactly supported holonomy invariant transverse distribution D of F2
can be canonically considered as a compactly supported H2-invariant distribution
on B. For such f and D, we clearly have
(14) 〈(ι˜1, f), (ι˜2, D)〉 =
∑
ε(x1, x2)D(φ
∗
x2,x1f) ,
where the sum runs over the pairs (x1, x2) ∈ K1 ×K2 with ι1(x1) = ι2(x2). Here
ε(x1, x2) = ±1 depending on whether the identity
Tιi(xi)B ≡ ι1∗Tx1K1 ⊕ ι2∗Tx2K2
is orientation preserving or orientation reversing. Let fm be a sequence of compactly
supported O(q)-invariant functions in B with integral equal to one and pairwise
disjoint supports, and let µm be the restriction of the Euclidean measure to the
support of fm. Then
〈(ι˜1, fm), (ι˜2, µn)〉 = 〈ι1, ι2〉
∫
B
fm dµn
by (14), where 〈ι1, ι2〉 is the intersection number of ι1 and ι2 in B. So dimH
k2
c (F) =
∞ by Theorem 2.2. Similarly, dimHk1c (F) =∞, which completes the proof.
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6. Case of suspension foliations
Proof of Corollary 2.5. Recall the notation used for suspension foliations in the
statement of Corollary 2.5, and consider the fiber bundles Mi = ι
∗
iM over Ki.
Each canonical map ι˜i :Mi →M is transverse to F , and let F i = ι˜∗iF . Then ι˜i are
transversely regular immersions of foliated manifolds. By deforming the ιi if needed,
we can suppose the ιi intersect each other transversely, thus the ι˜i intersect each
other transversely in F . Moreover the orientations of the Ki induce orientations of
the F i.
The group of deck transformations of each pull-back covering map ι∗iL→ Ki is
isomorphic to Γi, and F i is canonically isomorphic to the corresponding suspension
foliation given by the restriction to Γi of the Γ-action on T . Hence the fm can be
canonically considered as compactly supported basic functions of F1, and the Dn
can be canonically considered as holonomy invariant transverse distributions of F2.
The ι˜2 : suppDn →M are clearly proper, and we easily get
〈(ι˜1, fm), (ι˜2, Dn)〉 = 〈ι1, ι2〉Dn(fm) .
Therefore the result follows from Theorem 2.2. 
Proof of Corollary 2.6. Let An be a sequence of Γ1-saturated open subsets of T
with non-trivial µ-measure and pairwise disjoint Γ2-saturations. Clearly, there
are open sets Bn of T with positive µ-measure and such that Bn ⊂ An. Since
the closure of Γ1 in the group of diffeomorphisms of T is a compact Lie group,
there exists a sequence of non-negative Γ1-invariant functions fn on T such that
Bn ⊂ supp fn ⊂ An. Let µn be the Γ2-invariant measure on T defined as the
product of µ and the characteristic function of the closure of the Γ2-saturation
of supp fn. Then
∫
T fm dµn 6= 0 if and only if m = n, and the result follows by
Corollary 2.5. 
Proof of Corollary 2.7. Since some lift of c to L joins two distinct points of its
end set, L is disconnected by some codimension one immersed closed submanifold,
ι : K → L, such that c and piι define homology classes of B with non-trivial
intersection. Clearly, the composite
pi1(K)
pi1(piι)
−−−−→ pi1(B)
h
−−−−→ Γ
is trivial, and the image of the composite
pi1(S
1)
pi1(c)
−−−−→ pi1(B)
h
−−−−→ Γ
is 〈a〉. Take a sequence An of disjoint non-trivial H-invariant open subsets of T .
Since H is an abelian compact Lie group (a torus), there is an H-invariant prob-
abilistic measure supported in any H-orbit in T . Take thus one of such measures
µn supported in each An. Then the result follows from Corollary 2.6 by taking as
µ the sum of the µn. 
To prove Proposition 2.8, we use the following.
Lemma 6.1. Let Γ be a finitely generated group, and X a connected T1 topological
space. For any continuous action of Γ on X, a finite union of orbits is dense if and
only if so is each orbit in the union.
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Proof. Take x1, . . . , xn ∈ X such that
X = Γx1 ∪ . . . ∪ Γxn = Γx1 ∪ . . . ∪ Γxn .
Each orbit closure Γxi can be decomposed as a disjoint union of sets
Li =
⋂
F
(Γ \ F )xi , Ii = Γxi \ Li ,
where F runs over the finite subsets of Γ. We have X = L ∪ I, where L =
⋃n
i=1 Li
and I =
⋃n
i=1 Ii. Moreover, since L is saturated we have L ∩ I = ∅. So I = ∅
because X is T1 and connected. (If we had I 6= ∅, for any y ∈ I, {y} would be
closed in X because X is T1. But since L is closed and I = X \ L is discrete, {y}
would be also open in X . Thus X would not be connected.) Therefore X = L and
Li = Γxi for each i. But each Li is closed in X , and Li ∩ Lj 6= ∅ implies Li = Lj,
obtaining X = Li for every i by the connectedness of X . 
Proof of Proposition 2.8. Clearly, if the C-orbits are dense inX , so are the Γ-orbits.
Reciprocally, suppose the Γ-orbits are dense. By a theorem of Stallings [31],
there is a finite normal subgroup F ⊂ Γ such that Γ1 = Γ/F is isomorphic either
to Z or to the diedric group Z2 ∗ Z2. The action of Γ on X defines an action of
Γ1 on the connected T1 space X1 = X/F with dense orbits. Since C is infinite, so
is its projection C1 to Γ1, and any infinite subgroup of such Γ1 is of finite index.
Therefore any Γ1-orbit inX1 is a finite union of C1-orbits, and thus the C1-orbits are
dense in X1 by Lemma 6.1. This implies the density of the CF -orbits in X because
the canonical projection of X onto X1 is open and continuous. But any CF -orbit
is a finite union of C-orbits. Hence the C-orbits are dense by Lemma 6.1. 
7. Case of Lie foliations with compact semisimple structural Lie
algebra
Theorem 2.9 will be proved in this section (Corollaries 7.16 and 7.17).
7.1. Construction of a spectral sequence for an arbitrary Lie foliation on
a closed manifold. Let F be a Lie foliation with dense leaves on a closed manifold
M . Let g be the structural Lie algebra of F , and G the simply connected Lie group
with Lie algebra g. Let pi : M˜ →M be the universal covering map. Then the leaves
of F˜ = pi∗F are the fibers of a fiber bundle D : M˜ → G. It will be convenient
to consider the right action of pi1(M) on M˜ by deck transformations and the left
action of G on itself by left translations. Thus D is anti-equivariant with respect to
the holonomy homomorphism h : pi1(M)→ G; i.e., D(x˜γ) = h(γ)
−1D(x˜) [11]. The
density of the leaves implies the density of Γ = h(pi1(M)) in G. The homomorphism
h defines an action of pi1(M) on G by left translations, yielding the corresponding
suspension foliation G on N =
(
M˜ ×G
)
/pi1(M) (defined as in Section 6). G is a
Lie foliation with the same transverse structure as F , given by (G,Γ).
The section (id, D) : M˜ → M˜ ×G is pi1(M)-equivariant:
(id, D)(x˜γ) = (x˜γ,D(x˜γ)) = (x˜γ, γ−1D(x˜)) = (x˜, D(x˜))γ .
Thus (id, D) defines a section s : M → N , and N is trivial as principal G-bundle
over M . Clearly s is transverse to G, and s∗G = F .
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Let D : M˜ × G → G be defined by D(x˜, g) = g−1D(x˜). Such D is pi1(M)-
invariant:
D((x˜, g)a) = D(x˜a, h(a)−1g) = g−1h(a)D(x˜a) = g−1D(x˜) .
So D defines a map DN : N → G. Clearly DNs = conste, where e is the identity
element in G. Moreover DN is G-anti-equivariant:
DN([x˜, g]g
′) = DN([x˜, gg
′]) = (gg′)−1D(x˜) = (g′)−1DN ([x˜, g]) .
Therefore DN is the composite of the second factor projection of the trivialization
of N →M defined by s and the inversion map on G.
Let F˜ also denote the foliation on N defined by the lifting of F to all the leaves
of G. F˜ is a subfoliation of G whose leaves are the intersections of the leaves of G
with all the translations of s(M).
Let ν ⊂ TG be a G-invariant subbundle so that TG = ν ⊕ T F˜ . We get∧
TG∗ =
∧
ν∗ ⊗
∧
T F˜
∗
,
and thus there is a bigrading of Ω = Ω(G) defined by
Ωu,v = C∞
(
u∧
ν∗ ⊗
v∧
T F˜
∗
)
, u, v ∈ Z .
For simplicity, dG will be denoted by d. There is a decomposition of d as sum of
bihomogeneous components, d = d0,1 + d1,0 + d2,−1, where each double subindex
denotes the corresponding bidegree. From d2 = 0 we get
(15) d20,1 = d
2
2,−1 = d0,1d1,0 + d1,0d0,1 = 0 ,
(16) d1,0d2,−1 + d2,−1d1,0 = d
2
1,0 + d0,1d2,−1 + d2,−1d0,1 = 0 .
The decreasing filtration of (Ω, d) by the differential ideals
(17) F l = Ωl,· ∧ Ω ,
depends only on
(
G, F˜
)
; it could be defined without using ν. So we get a spectral
sequence (Ei, di) which converges to H
·(G). As for the spectral sequence of a
foliation (see e.g. [1]), in this case there are canonical identities
(18) (E0, d0) ≡ (Ω, d0,1) , (E1, d1) ≡ (H(Ω, d0,1), d1,0∗) .
The C∞ topology on the space of differential forms induces a topology on each Ei
which is not Hausdorff in general.
At each z ∈ N we have
DN∗ : νz
∼=
−−−−→ TDN (z)G .
So for each X ∈ g there is a well defined vector field Xν ∈ C∞(ν) which is DN -
projectable and such that DN∗X
ν = X . Such Xν is G-invariant since Xνz g ∈ νzg
and
DN∗(X
ν
z g) = g
−1DN∗X
ν
z = g
−1XDN (z) = Xg−1DN (z) = XDN (zg) .
Let θX and iX respectively denote the Lie derivative and interior product on Ω
with respect to Xν . (We are considering θX and iX as operators on the leaves of G,
but preserving smoothness on N .) By comparing bidegrees in the usual formulas
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that relate Lie derivatives, interior products and the de Rham derivative, we easily
get
d0,1iX + iXd0,1 = 0 ,
(θX)0,0d0,1 = d0,1(θX)0,0 ,
i[X,Y ] = (θX)0,0iY − iY (θX)0,0 ,
(θX)0,0 = d1,0iX + iXd1,0 ,
(θ[X,Y ])0,0 = (θXθY − θY θX)0,0 − d0,1iΞ(X∧Y ) − iΞ(X∧Y )d0,1 ,
where Ξ :
∧2
g→ C∞
(
T F˜
)
is given by
Ξ(X ∧ Y ) = [Xν , Y ν ]− [X,Y ]ν .
Therefore we get the operation (g, i1, θ1, E1, d1), where i1X ≡ iX∗ and θ1X ≡
(θX)0,0∗ according to (18), and the algebraic connection D
∗
N : g
∗ → E1,01 ⊂ Ω
1,0
[13]. Then
Eu,v2
∼= Hu(g; θ1 : g→ End(E
0,v
1 )) .
Let φ : N × g → N be defined by φ(z,X) = Xν1 (z), where X
ν
t denotes the uni-
parametric group of transformations defined by Xν , considered as group of trans-
formations of the leaves of G preserving smoothness on N . Then the following
diagram is commutative
N × g
φ
−−−−→ N
DN×exp
y yDN
G×G −−−−→ G ,
where the lowest map denotes the operation on G. (This follows because Xt =
Rexp(tX) for all X ∈ g.)
7.2. Tensor product decomposition of E2 when g is compact semisimple.
From now on suppose g is compact semisimple, and thus G is compact [28].
Theorem 7.1. With the above notations,
Eu,v2
∼= Hu(g)⊗ E
0,v
2 = H
u(g)⊗ (E0,v1 )θ1=0 .
The result follows with the same type of arguments as in those given in Sections 2
and 3 of [2] to prove Theorem 3.5 in [2]. We will indicate the main steps in the
proof because some of them will be needed later.
Consider the canonical biinvariant metric on G [28, Chapter 6], and let C ⊂ G
and C∗ ⊂ g be the cut locus and tangential cut locus corresponding to the identity
element e ∈ G. Let B∗ be the radial domain in g bounded by C∗, and let B =
exp(B∗). From the general properties of the cut locus we have C = ∂B = G\B,
exp : B∗ → B is a diffeomorphism, C and C∗ have Lebesgue measure zero, and B∗
is compact (since so is G) [22, 21]. Consider the compact space
F = {(X,Y, Z) ∈ B∗
3
: exp(X) exp(Y ) = exp(Z)} ⊂ g3 ,
and for each X ∈ B∗ the compact slice
FX = {(Y, Z) ∈ g
2 : (X,Y, Z) ∈ F} ⊂ g2 .
Smoothness on F and FX will refer to the smoothness obtained by considering
these spaces as subspaces of g3 and g2, respectively.
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Let ι : g2 → g2 be the involution (Y, Z) 7→ (Z, Y ). For a = exp(X) we also have
the smooth map JX : B ∩ L−1a B → FX given by JX(g) = (log(g), log(ag)), where
log = exp−1 : B → B∗. Let WX = JX(B ∩ L−1a B) ⊂ FX .
Lemma 7.2 ([2, Proposition 2.2]). We have:
(i) WX is open in FX and JX : B ∩ L−1a B →WX is a diffeomorphism.
(ii) ι(FX ) = F−X , and the diagram
B ∩ L−1a B
JX−−−−→ FX
La
y yι
B ∩ LaB
J−X
−−−−→ F−X
is commutative.
For X,Y ∈ B∗ let WX,Y = JX(B ∩ L−1a B ∩ L
−1
b B) ⊂ FX , where a = exp(X)
and b = exp(Y ). We have the diffeomorphism JX,Y = JY J
−1
X :WX,Y →WY,X .
Let ∆ be the unique biinvariant volume form on G such that
∫
G
∆ = 1, which
defines a Haar measure µ on G. Then for each X ∈ B∗ let µX be the Borel measure
on FX , concentrated on WX , where it corresponds to µ by JX .
Corollary 7.3 ([2, Proposition 2.3]). We have:
(i) µX(FX) = µX(WX) = µX(WX,Y ) = µ(B ∩ L−1a B ∩ L
−1
b B)
= µ(B ∩ L−1a B) = µ(G) = 1
(ii) µX corresponds to µ−X by ι : FX → F−X .
(iii) µX corresponds to µY by JX,Y :WX,Y →WY,X .
Let I = [0, 1], and define continuous maps σ, η : F × I → G by setting
σ(ξ, t) = exp(tZ) ,
η(ξ, t) =
{
exp(2tX) if t ∈ I1 = [0, 1/2]
exp(X) exp((2t− 1)Y ) if t ∈ I2 = [1/2, 1] ,
where ξ = (X,Y, Z) ∈ F . The map σ is smooth, and so are the restrictions of η to
each F × Ii (i = 1, 2).
Lemma 7.4 ([2, page 178]). There is a finite open cover Q1, . . . , Qk of F , and
continuous maps Hj : Qj × I × I → G with smooth restrictions to each Qj × Ii× I,
i = 1, 2, j = 1, . . . , k, so that
Hj(·, ·, 0) = σ|Qj×I , Hj(·, ·, 1) = η|Qj×I ,
Hj(ξ, 0, s) = e for all s ∈ I and ξ ∈ Qj ,
Hj(ξ, 1, s) = exp(Z) for all s ∈ I and ξ = (X,Y, Z) ∈ Qj .
Lemma 7.5. For each j = 1, . . . , k there exists a unique continuous map
Hj : N ×Qj × I × I → N
with smooth restrictions to each N ×Qj × Ii × I, i = 1, 2, such that
(i) DNHj(z, ξ, t, s) = DN (z)Hj(ξ, t, s),
(ii) Hj(z, ξ, 0, s) = z,
(iii) (d/dt)Hj(z, ξ, t, s) ∈ ν for t 6= 1/2.
Moreover for ξ = (X,Y, Z) ∈ Qj we have
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(iv) Hj(·, ξ, 1, 0) = φZ ,
(v) Hj(·, ξ, 1, 1) = φY φX
(vi) Hj(z, ξ, 1, s) ∈ D
−1
N (D(z) exp(Z)) for all z ∈ N and all s ∈ I.
Proof. It is completely similar to the proofs of Lemmas 3.1 and 3.2 in [2]. 
Therefore, for all ξ = (X,Y, Z) ∈ Qj , Hj(·, ξ, 1, ·) : N×I → N is an F˜ -integrable
homotopy of φZ to φY φX [10]. Hence the corresponding homotopy operator in Ω
preserves the filtration, and thus its (0,−1)-bihomogeneous component kj,ξ : Ω→ Ω
satisfies
(φ∗Xφ
∗
Y − φ
∗
Z)0,0 = d0,1kj,ξ + kj,ξd0,1 .
Define the operators ρ, λ : Ω→ Ω by setting
ρ(α) =
∫
B∗
φ∗Xα∆
∗(X) , λ(α) =
∫
B∗
ΦXα∆
∗(X) ,
where ∆∗ = exp∗∆ and ΦX is the homogeneous operator of degree −1 on Ω associ-
ated to the homotopy φtX (t ∈ I) [9]. The operators ρ and λ are linear homogeneous
of degrees 0 and −1, respectively, satisfying ρ− id = dλ+ λd. Moreover, since φtX
preserves the pair of foliations
(
G, F˜
)
(because Xν is an infinitesimal transforma-
tion of
(
G, F˜
)
), ΦX reduces the filtration at most by a unit. Therefore the bihomo-
geneous operators ρ1 ≡ ρ0,0∗ and λ1 ≡ λ−1,0∗ on E1 satisfy ρ1 − id = d1λ1 + λ1d1.
For α ∈ Ω and X ∈ B∗, by Lemma 7.2 and Corollary 7.3 we have
φ∗Xρ(α) =
∫
FX
φ∗Xφ
∗
Y α dµX(Y, Z) ,
ρ(α) =
∫
WX,−X
φ∗Y αdµX(Y, Z)
=
∫
W−X,X
φ∗Y αdµ−X(Y, Z)
=
∫
F−X
φ∗Y αdµ−X(Y, Z)
=
∫
FX
φ∗ZαdµX(Y, Z) .
So
(19) (φ∗Xρ− ρ)α =
∫
FX
(φ∗Xφ
∗
Y − φ
∗
Z)αdµX(Y, Z) .
Take a smooth partition of unity f1, . . . , fk of F subordinated to the open cover
Q1, . . . , Qk. Then the fj(X, ·, ·) form a partition of unity of FX subordinated to
the open cover given by the slices
Qj,X = {(Y, Z) ∈ g
2 : (X,Y, Z) ∈ Qj} .
Let ΨX : Ω→ Ω be the (0,−1)-bihomogeneous linear operator given by
ΨXα =
k∑
j=1
∫
Qj,X
kj,ξαfj(ξ) dµX(Y, Z) ,
where ξ = (X,Y, Z) for each (Y, Z) ∈ Qj,X . From (19) we get
(20) (φ∗Xρ− ρ)0,0 = d0,1ΨX +ΨXd0,1 .
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Lemma 7.6. ΨXα depends continuously on X ∈ B∗ for each α ∈ Ω fixed.
Proof. It is completely analogous to the proof of Lemma 3.3 in [2]. 
Lemma 7.7. For α ∈ Ω, X ∈ g and t ∈ R we have
φ∗tXα = α+
∫ t
0
φ∗sXθXαds = α+ θX
∫ t
0
φ∗sXαds .
Proof. It is completely analogous to the proof of Lemma 3.4 in [2]. 
Lemma 7.8. ρ1(E1) = (E1)θ1=0, and
ρ1∗ : E2
∼=
−−−−→ H((E1)θ1=0) .
Proof. First, we shall prove that ρ1(E1) ⊂ (E1)θ1=0. Take any α ∈ ker(d0,1)
defining [α] ∈ E1. If [α] ∈ ρ1(E1), we can suppose α = ρ0,0β for some β ∈ ker(d0,1).
Then
(21) (φ∗X)0,0α− α = d0,1ΨXβ for all X ∈ B
∗
by (20). Thus Lemmas 7.6 and 7.7 yield
(θX)0,0α = d0,1
(
ΨXβ − (θX)0,0
∫ 1
0
ΨsXβ ds
)
as in [2, page 181]. Therefore ρ1([α]) ∈ (E1)θ1=0.
Let ι : (E1)θ1=0 → E1 be the inclusion map. If [α] ∈ (E1)θ1=0, since (θX)0,0
depends linearly on X ∈ g, there is a linear map X 7→ βX of g to Ω so that
(θX)0,0α = d0,1βX for all X ∈ g. Thus by Lemma 7.7 we get
ρ0,0α = α+ d0,1
∫
B∗
∫ 1
0
(φ∗sX)0,0βX ds∆
∗(X) ,
yielding ρ1ι = id. In particular ρ1(E1) = (E1)θ1=0. We also have ιρ1 − id =
d1λ1 + λ1d1, and the result follows. 
End of the proof of Theorem 7.1. SinceG is compact, the representation θg is semisim-
ple [13, Sections 4.4 and 5.12]. So
H((E1)θ1=0)
∼= H(g)⊗ (E
0,·
1 )θ1=0
by [13, Theorem V in Section 4.11, and Section 5.26]. The result now follows from
Lemma 7.8. 
7.3. Relation between H ·(F) and E2.
Theorem 7.9. With the above notations, H ·(F) ∼= E
0,·
2 .
To begin with the proof of Theorem 7.9, the section s : M → N defines a
homomorphism (s∗)1 : E
0,·
1 → H
·(F) since s∗d0,1 = dFs
∗. By restricting (s∗)1, we
get (s∗)2 : E
0,·
2 = (E
0,·
1 )θ1=0 → H
·(F). We will prove that (s∗)2 is an isomorphism.
For any X ∈ g set sX = φXs : M → N , which is an embedding, but not a
section of piN in general. Nevertheless sX(M) = s(M) exp(X). Analogously to s,
the map sX also defines (s
∗
X)1 : E
0,·
1 → H
·(F). Let UX be the neighborhood of
sX(M) given by
UX =
⋃
Y ∈B∗
φY sX(M) = sX(M)B = D
−1
N (exp(X)B) .
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For each X ∈ g and each x ∈M , sX defines an isomorphism
sX∗ : TxF
∼=
−−−−→ TsX (x)F˜ .
So
s∗X :
∧
TsX(x)F˜
∗ ∼=
−−−−→
∧
TxF
∗ .
For each ω ∈ Ω(F), let ωX be the unique smooth section of
∧
T F˜
∗
over sX(M)
such that s∗XωX = ω. Define TXω ∈ Ω
0,·(G|UX ) by setting
(TXω)(φY sX(x)) = (φ
∗
−Y )0,0ωX(sX(x))
for Y ∈ B∗ and x ∈ M . This is well defined since (x, Y ) 7→ φY sX(x) is a dif-
feomorphism of M × B∗ onto UX . Moreover d0,1TX = TXdF since d0,1 ≡ dF˜ on
Ω0,· ≡ Ω·
(
F˜
)
, and (φY sX)
∗F˜ = F for all X,Y ∈ g. Therefore TX defines a map
TX∗ : H
·(F)→ E0,·1 (G|UX ).
The inclusion map ιX : UX → N induces (ι
∗
X)1 : E
0,·
1 → E
0,·
1 (G|UX ).
Lemma 7.10. If ζ ∈ (E0,·1 )θ1=0, then TX∗(s
∗
X)1ζ = (ι
∗
X)1ζ.
Proof. By Lemma 7.8 we have ρ1ζ = ζ. We thus can choose forms α, γ ∈ Ω0,· such
that d0,1α = 0, ζ = [α], and α = ρ0,0α+ d0,1γ. Then (21) yields
(φ∗Y )0,0(α− d0,1γ)− (α− d0,1γ) = d0,1ΨY α
for any Y ∈ B∗. So
(22) (φ∗Y )0,0α− α = d0,1(ΨY α+ (φ
∗
Y )0,0γ − γ) .
Clearly (s∗Xα)X = α|sX (M). Hence
(TXs
∗
Xα)(φY sX(x)) = (φ
∗
−Y )0,0(α(sX(x)))
= (α+ d0,1(Ψ−Y α+ (φ
∗
−Y )0,0γ − γ))(φY sX(x))
by (22). But since each φY sX(M) is F˜ -saturated, d0,1 ≡ dF˜ commutes with the
restriction to each φY sX(M). Therefore we get
TXs
∗
Xα = α+ d0,1ηX
on UX , where ηX is the (0, ·)-form on UX defined by
ηX(φY sX(x)) = (Ψ−Y α+ (φ
∗
−Y )0,0γ − γ)(φY sX(x)) ,
which finishes the proof. 
Since G is compact, there is a finite sequence 0 = X1, X2, . . . , Xl of elements of
g such that
G = B ∪ exp(X2)B ∪ · · · ∪ exp(Xl)B .
Let Uj = UXj Tj = TXj , sj = sXj and ιj = ιXj for j = 1, . . . , l. Then N =
U1∪· · ·∪Ul. Let h1, . . . , hl be a smooth partition of unity of G subordinated to the
open cover exp(X1)B, . . . , exp(Xl)B so that h1(e) = 1. Then D
∗
Nh1, . . . , D
∗
Nhl is
a partition of unity of N subordinated to U1, . . . , Ul.
For ω ∈ Ω(F), define Tω ∈ Ω0,· by setting
Tω =
l∑
j=1
D∗Nhj Tjω .
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Since each D∗Nhj is constant along the leaves of F˜ , we get d0,1T = TdF . So T
defines a map T∗ : H
·(F)→ E0,·1 .
Lemma 7.11. If ζ ∈ (E0,·1 )θ1=0, then T∗(s
∗)1ζ = ζ.
Proof. For each X ∈ g, let (φ∗X)1 : E1 → E1 be the homomorphism defined by φ
∗
X
((φ∗X)1 ≡ (φ
∗
X)0,0∗). Since sX = φXs, by (21) we have
(s∗X)1ζ = s
∗
1(φ
∗
X)1ζ = s
∗
1ζ .
Therefore, by Lemma 7.10,
(ι∗j )1ζ = Tj∗(s
∗
j )1ζ = Tj∗(s
∗)1ζ
for j = 1, . . . , l. So, if ζ = [α] for α ∈ Ω0,· with d0,1α = 0, there is some βj ∈ Ω0,·
for each j such that α− Tjs
∗α = d0,1βj over Uj. Let
β =
l∑
j=1
D∗Nhj βj ∈ Ω
0,· .
Since each D∗Nhj is constant on the leaves of F˜ and d0,1 ≡ dF˜ , we get
d0,1β =
l∑
j=1
D∗Nhj d0,1βj
=
l∑
j=1
D∗Nhj (α− Tjs
∗α)
= α− Ts∗α ,
and the proof is complete. 
Lemma 7.12. (s∗)2 : E
0,·
2 → H
·(F) is surjective.
Proof. Take any ω ∈ Ω(F) with dFω = 0, and take any function f ≥ 0 compactly
supported in B such that
∫
B f(g)∆(g) = 1. Then α = D
∗
Nf T1ω is a (0, ·)-form
compactly supported in U1 and satisfying d0,1α = 0. So α defines a class ζ ∈ E
0,·
1 .
We shall prove that (s∗)1ρ1ζ = [ω].
For x ∈M and Y ∈ B∗ we have
α(φY s(x)) = f(exp(Y )) (φ
∗
−Y )0,0(ωX1(s(x))) .
So
((φ∗Y )0,0α)(s(x)) = f(exp(Y ))ωX1(s(x)) ,
yielding
(ρ0,0α)(s(x)) =
∫
B∗
((φ∗Y )0,0α)(s(x))∆
∗(Y )
= ωX1(s(x))
∫
B∗
f(exp(Y ))∆∗(Y )
= ωX1(s(x))
∫
G
f(g)∆(g)
= ωX1(s(x)) .
Therefore s∗ρ0,0α = s
∗ωX1 = ω, and the proof follows. 
Corollary 7.13. T∗(H
·(F)) ⊂ E0,·2 .
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Proof. It follows directly from Lemmas 7.11 and 7.12. 
End of the proof of Theorem 7.9. By Corollary 7.13 we can consider T∗ : H
·(F)→
E0,·2 . By Lemma 7.11 we have T∗(s
∗)2 = id. On the other hand, (s
∗)2T∗ = id
because (D∗Nh1)(s(x)) = 1 for all x ∈ M since h1(e) = 1. So (s
∗)2 is an isomor-
phism. 
Corollary 7.14. H1(F) ∼= H1(G) and H1(F) ∼= H1(G).
Proof. Theorem 7.1 yields E2,02
∼= H2(g)⊗E
0,0
2 = 0 since g is compact semisimple.
So E0,12 = E
0,1
∞
∼= H1(G) canonically. Then H1(F) ∼= H1(G) as topological vector
spaces by Theorem 7.9, obtaining also H1(F) ∼= H1(G). 
Corollary 7.15. H2(F) and H2(F) are of finite dimension if and only if so are
H2(G) and H2(G), respectively.
Proof. The leaves of G are dense since so are the leaves of F . Thus H0(G) ∼= R,
yielding E·,02
∼= H ·(g) by Theorem 7.1. On the other hand, H1(g) = H2(g) = 0 since
g is compact semisimple [28]. So E1,·i = E
2,·
i = 0 for 2 ≤ i ≤ ∞ by Theorem 7.1.
Hence E0,23 = E
0,2
2
∼= H2(F) (using Theorem 7.9), and E
3,0
3 = E
3,0
2
∼= H3(g).
Therefore, since
E0,2∞ = E
0,2
4 = ker(d3 : E
0,2
3 → E
3,0
3 ) ,
H2(G) ∼= E0,2∞ can be identified to the kernel of some continuous homomorphism of
H2(F) to H3(g), and the result follows. 
Corollary 7.16. Suppose M is oriented. Let ιi : Ki → M , i = 1, 2, be smooth
immersions of closed oriented manifolds of complementary dimension which define
homology classes of M with non-trivial intersection. Let Γi be the image of the
composite
pi1(Ki)
pi1(ιi)
−−−−→ pi1(M)
h
−−−−→ G .
Suppose the group generated by Γ1 ∪ Γ2 is not dense in G. If 1 ≤ k = dimK2 ≤ 2,
then dimHk(F) =∞.
Proof. The result follows directly applying Corollaries 7.14, 7.15, and 2.6 to G. 
Corollary 7.17. Suppose M is oriented. Let ιi : Ki → M , i = 1, 2, be smooth
immersions of closed oriented manifolds of complementary dimension which define
homology classes of M with non-trivial intersection. Let Γi be the image of the
composite
pi1(Ki)
pi1(ιi)
−−−−→ pi1(M)
h
−−−−→ G .
Suppose the group generated by Γ1 ∪ Γ2 is not dense in G. If ι1 is transverse to F ,
then dimHk(F) =∞ for k = dimK2.
Proof. By Corollary 7.16, we can assume k > 2. Let F lH ·(G) and F lH·(G), l =
0, 1, 2, . . ., be the filtrations of H ·(G) and H·(G) induced by (17). We have
H ·(G)/F 1H ·(G) ∼= E0,·∞ ⊂ E
0,·
2
∼= H ·(F) ,
where both isomorphisms preserve the topologies, and E0,·∞ is a closed subspace of
E0,·2 . (The last isomorphism follows from Theorem 7.9.) So H
·(G)/F 1H·(G) can be
injected into H·(F), and it is enough to prove that Hk(G)/F 1Hk(G) is of infinite
dimension.
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This is a special case of the setting of Theorem 2.2 and Corollaries 2.5 and 2.6.
The proofs of those results yield linearly independent classes ζm ∈ H
k(G). In this
case, we shall prove that the ζm are also linearly independent modulo F
1Hk(G).
Consider the pull-back bundles ι∗iN over Ki. The canonical maps ι˜i : ι
∗
iN → N
are immersions transverse to G, which thus can be considered as transversely regular
immersions of (ι∗iN,Gi) into (N,G), where Gi = ι˜
∗
i G. We can assume the ιi intersect
each other transversely, and thus the ι˜i intersect transversely in G.
Let H˜ · ⊂ H ·(G) and H˜
·
⊂ H·(G) be the subspaces given by the classes that
have representatives supported in pi−1N (U) for any open subset U ⊂ M containing
ι1(K1). Set F
1H˜ · = H˜ · ∩ F 1H ·(G) and F 1H˜
·
= H˜
·
∩ F 1H·(G). Since ζm ∈ H˜
k
by
Remark 3, it is enough to prove that the ζm are linearly independent modulo F
1H˜
k
.
Hence, according to the proof of Theorem 2.2, it is enough to prove that ι2 can be
chosen so that ι˜∗2
(
F 1H˜
k
)
= 0 where ι˜∗2 : H
·(G) → H·(G2). In fact we shall prove
the stronger property that the choice of ι2 can be made so that ι˜
∗
2
(
F 1H˜k
)
= 0 for
ι˜∗2 : H
·(G)→ H ·(G2).
Since ι1 is transverse to F , we can choose ι2 such that, for some open subset U ⊂
M containing ι1(K1), each connected component of ι2(K2)∩U is contained in some
leaf of F . So, for every leaf L2 of G2, the connected components of ι˜2(L2)∩pi
−1
N (U)
are contained in leaves of F˜ , yielding ι˜∗2α = 0 over ι˜
−1
2 pi
−1
N (U) for any α ∈ F
1Ω·(G).
Moreover U and ι2 can be chosen so that the connected components of ι
−1
2 (U) are
contractible; thus ι˜−12 pi
−1
N (U) ≡ ι
−1
2 (U)×G canonically, where the slices ι
−1
2 (U)×{∗}
are the leaves of the restriction G2,U of G2 to ι˜
−1
2 pi
−1
N (U). Hence H
l(G2,U ) = 0 for
l > 0. Finally, the above choices can be made so that, for some open subset V ⊂M ,
we have ι1(K1)∩V = ∅, U ∪V =M , and each connected component of ι
−1
2 (U ∩V )
is contractible. Thus, as above, H l(G2,U∩V ) = 0 for l > 0, where G2,U∩V is the
restriction of G2 to ι˜
−1
2 pi
−1
N (U ∩ V ). Therefore, by using the Mayer-Vietoris type
spectral sequence (cf. [10])
· · · → H l−1(G2,U∩V )→ H
l(G2)→ H
l(G2,U )⊕H
l(G2,V )→ H
l(G2,U∩V )→ · · ·
and since k > 2, we get
(23) Hk(G2) ∼= H
k(G2,V )
by the restriction homomorphism.
Now any ξ ∈ F 1H˜k can be defined by a leafwise closed form α ∈ Ωk(G) supported
in M \ V with α + dGβ ∈ F
1Ωk(G) for some β ∈ Ωk−1(G). Then ι˜∗2(α + dGβ) is
supported in ι˜−12 pi
−1
N (V ), where it is the G2-leafwise derivative of ι˜
∗
2β. So ι˜
∗
2ξ is
mapped to zero in Hk(G2,V ), and thus ι˜∗2ξ = 0 by (23), which finishes the proof. 
8. Case of foliations on nilmanifolds Γ\H defined by normal
subgroups of H
The goal of this section is to prove Theorem 2.10. It will be done by induction,
which needs leafwise reduced cohomology with coefficients in a vector bundle with
a flat F -partial connection. Thus we shall prove a more general theorem by taking
arbitrary coefficients.
For a foliation F on a manifoldM and a vector bundle V overM , a flat F -partial
connection on V can be defined as a flat connection on the restriction of V to the
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leaves whose local coefficients are smooth on each foliation chart of F onM . So the
corresponding de Rham derivative dF with coefficients in V preserves smoothness
onM ; i.e. dF preserves Ω(F , V ) = C∞(
∧
TF∗⊗V ). ThenH·(F , V ) can be defined
in the same way as H·(F) by using (Ω(F , V ), dF ) instead of (Ω(F), dF ).
Consider the following particular case. Let H be a simply connected nilpotent
Lie group, K ⊂ H a normal connected subgroup, and Γ ⊂ H a discrete uniform
subgroup whose projection to H/K is dense. Then let F be the foliation on the
nilmanifold M = Γ\H defined as the quotient of the foliation F˜ on H whose leaves
are the translates of K. In this case, M is closed and the leaves of F are dense.
Let V˜ be an H ×K-vector bundle over H for the left action of H ×K on H given
by (h, k)h′ = hh′k−1, (h, k) ∈ H × K and h′ ∈ H . We also consider the induced
left actions of H and K on H . The space of H-invariant sections of V˜ will be
denoted by C∞
(
V˜
)
H
, and the subspaces of invariant sections will be denoted in
a similar way for other actions. Suppose V˜ is endowed with an H × K-invariant
flat F˜ -partial connection, and let V be the induced vector bundle on M with the
induced flat F -partial connection. The structure of H × K-vector bundle on V
canonically defines an action of k on C∞
(
V˜
)
H
, where k is the Lie algebra of K.
Moreover the induced differential map on
∧
k∗ ⊗ C∞
(
V˜
)
H
corresponds to dF˜ by
the canonical injection of this space in Ω(F , V ).
Theorem 8.1. With the above notations, H·(F , V ) ∼= H ·
(
k, C∞
(
V˜
)
H
)
.
The result will follow by induction on the codimension q of F .
For q = 0 and V the trivial line bundle, this is just a well known theorem of
K. Nomizu [27]. If q = 0 and V is arbitrary, the result still follows with the obvious
adaptation of the arguments in [27].
Suppose q > 0 and the result is true for foliations of codimension less than q.
The proof has two cases.
Case 1. AssumeK∩Γ = 1. The group Γ is nilpotent since so isH , thus the center of
Γ is non-trivial. Let a be a non-trivial element in the center of Γ. By the universal
property of Mal’cev’s completion [23], there exists a one dimensional connected
subgroup L of the center of H containing 〈a〉 as a discrete uniform subgroup. L
is isomorphic to R since H is simply connected. Let H1 = H/L, and Γ1 = Γ/〈a〉.
Clearly Γ1 is canonically injected in H1 as a discrete uniform subgroup. We get
L∩K = 1 because 〈a〉∩K = 1, and thus there is a canonical injection of K into H1
as a normal subgroup, defining a foliation F1 on the nilmanifold M1 = Γ1\H1. F1
is a foliation of the type considered in the statement of this theorem, of codimension
q − 1, but observe that the canonical injection of K into H1 may not have trivial
intersection with Γ1. The projection H/〈a〉 → H1 is canonically an S1-principal
bundle (considering S1 ≡ L/〈a〉), so the induced map pi : M → M1 is also an
S1-principal bundle in a canonical way. Then V canonically is an S1-vector bundle
so that the partial connection is invariant, and thus induces the vector bundle
V1 = V/S
1 over M1 with the corresponding flat F1-partial connection. The lifting
of V1 to H1 is V˜1 = V˜ /L, which satisfies the same properties as V˜ with respect to
K1 instead of K.
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For each x ∈M1 and each m ∈ Z, define
Cm,x = {f ∈ C
∞(pi−1(x),C) : f(yθ) = f(y) e2pimθi
for all y ∈ pi−1(x) and all θ ∈ S1 ≡ R/Z} .
It is easy to see that
Cm =
⊔
x∈M1
Cm,x
is a one-dimensional C-vector bundle overM1 in a canonical way. Form ∈ Z, define
also
Ω(F , V ⊗ C)m = {α ∈ Ω(F , V ⊗ C) : α(yθ) = α(y) e2pimθi
for all y ∈ pi−1(x) and all θ ∈ S1} ,
and similarly define C∞
((
V˜ /〈a〉
)
⊗ C
)m
considering the S1-principal bundleH/〈a〉 →
H1. By the Fourier series expression for functions on S
1, we get that Ω(F , V ⊗C)
is the C∞ closure of ⊕
m∈Z
Ω(F , V ⊗ C)m .
It can be easily seen that there is a canonical isomorphism
(24) Ω(F1, V1 ⊗ Cm) ∼= Ω(F , V ⊗ C)
m
defined by pi∗ and the canonical identity
C∞(Cm) ≡ C
∞(M,C)m .
Since F is preserved by the S1-action on M , dF preserves each Ω(F , V ⊗C)m and
corresponds to dF1 by (24). By induction
H·(F1, V1 ⊗ Cm) ∼= H
·
(
k, C∞
(
V˜1 ⊗ C˜m
)
H1
)
.
But
C∞
(
V˜1 ⊗ C˜m
)
H1
∼= C∞
((
V˜ /〈a〉
)
⊗ C
)m
H/〈a〉
canonically, which is obviously trivial if m 6= 0. But C0 is the trivial complex line
bundle, so
H·(F , V ⊗ C) ∼= H·(F1, V1 ⊗ C0)
∼= H ·
(
k, C∞
(
V˜1 ⊗ C
)
H1
)
∼= H ·
(
k, C∞
(
V˜ ⊗ C
)
H
)
.
Case 2. In the general case, let G = H/K and Γ1 the projection of Γ to G. We
use Mal’cev’s construction for the pair (G,Γ1). It yields a simply connected nilpo-
tent Lie group H1 containing Γ1 as a discrete uniform subgroup, and a surjective
homomorphism D1 : H1 → G which is the identity on Γ1. The kernel K1 of D1
defines a foliation G of codimension q on the nilmanifoldM1 = Γ1\H1, and we have
K1 ∩ Γ1 = 1. So G is the type of foliation we have considered in Case 1.
G is the classifying foliation for foliations with transverse structure given by
(G,Γ1). So there is a smooth map f : M → M1 which is transverse to G and so
that F = f∗G. In this particular case, f can be constructed in the following way.
By the universal property of Mal’cev’s construction, the surjective homomorphism
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of Γ to Γ1 can be uniquely extended to a surjective homomorphism f˜ : H → H1,
which defines a map f : M → M1. We have D1f˜ = D. So K is projected onto
K1, and thus F = f
∗F1. Moreover f is a locally trivial bundle with fiber the
nilmanifold P/(P ∩ Γ), where P is the kernel of f˜ .
Fix a vector subbundle ν ⊂ TF which is complementary to the subbundle
τ ⊂ TF of vectors that are tangent to the fibers of f . Then we get a canoni-
cal isomorphism ∧
TF∗ ⊗ V ∼=
∧
ν∗ ⊗
∧
τ∗ ⊗ V ,
yielding a bigrading of Ω(F , V ) given by
Ωu,v(F , V ) = C∞
(
u∧
ν∗ ⊗
v∧
τ∗ ⊗ V
)
.
Consider the filtration of Ω(F , V ) given by the differential subspaces
F kΩ(F , V ) =
⊕
u≥k
Ωu,·(F , V ) ,
which depend only on F and V ; in fact they could be defined without using ν. This
filtration induces a spectral sequence (Ei, di) converging to H
·(F , V ), whose terms
(E0, d0) and (E1, d1) can be described as follows. The derivative dF decomposes
as sum of bihomogeneous operators dF ,0,1, dF ,1,0 and dF ,2,−1, where each double
subindex indicates the corresponding bidegree. These operators satisfy identities
which are similar to those in (15) and (16), yielding
(E0, d0) ≡ (Ω(F , V ), dF ,0,1) ,
(E1, d1) ≡ (H(Ω(F , V ), dF ,0,1), dF ,1,0∗) .
Let k1 be the Lie algebra of K1. Each X ∈ k1 canonically defines a vector field
X1 on M1 which is tangent to the leaves of F1. Let Xν be the unique vector field
on M which is a section of ν and projects to X1. For α ∈ Ω0,v(F) and s ∈ C∞(V ),
define θX(α⊗ s) to be the (0, ·)-component of
θXνα⊗ s+ α⊗∇Xν s ,
where ∇ denotes the flat F -partial connection of V . It can be easily checked that
θXdF,0,1 = dF ,0,1θX . So θX defines an operator, also denoted by θX , on E
0,·
1 . In
this way, we get a representation θ of k1 on E
0,·
1 , and a canonical isomorphism
Eu,v2
∼= Hu(k1, θ).
Define
V1,y = H
·
(
f−1(y), V |f−1(y)
)
, y ∈M1 ,
V1 =
⊔
y∈M1
V1,y ,
and let V˜1 be the lifting of V1 to H1. It is easy to see that V˜1 canonically is a
H1 ×K1-vector bundle over the H1 ×K1-manifold H1 with an H1 ×K1-invariant
flat F˜1-partial connection. (The fibers of V˜1 are of finite dimension since the fibers
of f are compact.) It is also easily seen that there is a canonical isomorphism
C∞(V1) ∼= E
0,·
1 . Moreover the representation of k1 on E
0,·
1 corresponds to the
representation of k1 on C
∞
(
V˜1
)
defined by the flat partial connection of V˜1. So
Eu,·2
∼= Hu
(
k1, C
∞
(
V˜1
))
∼= Hu(F1, V1) .
LEAFWISE REDUCED COHOMOLOGY 31
Let Ei be the quotient of Ei over the closure 0i of its trivial subspace. Then
Eu,·2
∼= Hu(F1, V1) ∼= H
u
(
k1, C
∞
(
V˜1
)
H1
)
by Case 1.
If the above filtration is restricted to the space of differential forms in Ω(F , V )
whose lifting to H is H-left invariant, we get a spectral sequence (Ei, di) converging
to H ·
(
k1, C
∞
(
V˜
)
H
)
, and there is a canonical homomorphism (Ei, di)→ (Ei, di)
of spectral sequences. Analogously, we have a canonical isomorphism
E
u,·
2
∼= Hu(k1, C
∞(V1)H1) .
So the composite E2 → E2 → E2 is an isomorphism, and thus E2 ∼= E2 ⊕ 02 as
differential complexes. Then E3 ∼= E3 ⊕ H(02, d2), yielding H(02, d2) ∼= 03, and
the above decomposition is of differential complexes. We get E4 ∼= E4 ⊕H(03, d3).
Continuing with these arguments, we finally obtain Ei ∼= Ei ⊕ 0i as topological
differential complexes for i ≥ 2, and thus
H ·(F , V ) ∼= E∞ ∼= E∞ ⊕ 0∞ .
Hence
H·(F , V ) ∼= E∞ ∼= H
·(k, C∞(V )H)
as desired.
Remark 4. For general Lie foliations with dense leaves and nilpotent structural Lie
algebra, the classifying foliations are of the type considered in Theorem 2.10. On the
one hand, if the ambient manifold is closed and the classifying map can be chosen
to be a fiber bundle, then a spectral sequence argument shows that the leafwise
reduced cohomology is of finite dimension. On the other hand, if the classifying
map has unavoidable singularities, then they should correspond to handles on the
leaves and the leafwise reduced cohomology is of infinite dimension by Corollary 2.4.
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